Networks of rigid bars connected by joints, termed linkages, provide a minimal framework to design robotic arms and mechanical metamaterials built out of folding components. Here, we investigate a chain-like linkage that, according to linear elasticity, behaves like a topological mechanical insulator whose zero-energy modes are localized at the edge. Simple experiments we performed using prototypes of the chain vividly illustrate how the soft motion, initially localized at the edge, can in fact propagate unobstructed all the way to the opposite end. We demonstrate using real prototypes, simulations and analytical models that the chain is a mechanical conductor, whose carriers are nonlinear solitary waves, not captured within linear elasticity. Indeed, the linkage prototype can be regarded as the simplest example of a topological metamaterial whose protected mechanical excitations are solitons, moving domain walls between distinct topological mechanical phases. More practically, we have built a topologically protected mechanism that can perform basic tasks such as transporting a mechanical state from one location to another. Our work paves the way towards adopting the principle of topological robustness in the design of robots assembled from activated linkages as well as in the fabrication of complex molecular nanostructures.
Mechanical structures comprised of folding components, such as bars or plates rotating around pivots or hinges, are ubiquitous in engineering, materials science and biology [1] . For example, complex origami-like structures can be created by folding a paper sheet along suitably chosen creases around which two nearby faces can freely rotate [2, 3, 4] . Similarly, linkages can be viewed as 1D versions of origami where rigid bars (links) are joined at their ends by joints (vertices) that permit full rotation of the bars, see Fig. (1a-c) . Some of the joints can be pinned to the plane while the remaining ones rotate relative to each other under the constraints imposed by the network structure of the linkage [5] . Familiar examples include the windshield wiper, robotic arms, biological linkages in the jaw and knee as well as toys like the Jacob's ladder [6] and the Hoberman sphere. Moreover, linkages and origami can be employed in the design of microscopic and structural metamaterials whose peculiar properties are controlled by the geometry of the unit cell [7, 8] .
Many of these examples are instances of what mechanical engineers call mechanisms: structures where the degrees of freedom are nearly balanced by carefully chosen constraints so that the allowed free motions encode a desired mechanical function. However, as the number of components increases, more can go wrong: lack of precision machining or undesired perturbations. Robustness in this sense is a concern relevant to the design of complex mechanical structures from the microscopic to architectural scale, typically addressed at the cost of higher manufacturing tolerances or active feedback.
Here, we take an alternative approach inspired by recent developments in the design of fault tolerant quantum devices [9] . Consider, as an example, the quantized Hall conductivity of a 2D electron gas that is topologically protected in the sense that it cannot change when the Hamiltonian is smoothly varied [10] . In this article, we present a topologically protected classical mechanism that can transport a mechanical state across a chain-like linkage without being affected by
Right-leaning
Left-leaning changes in material parameters or smooth deformations of the underlying structure, very much like its quantum counterparts. Kane and Lubensky [11] recently took an important step towards establishing a dictionary between the quantum and classical problems. Their starting point, that seems at first disconnected from the linkages we study here, was to analyze the phonons in elastic systems composed of stretchable springs. In particular they derived a mathematical mapping between electronic states in topological insulators and superconductors [10] and the mechanical zero modes in certain elastic lattices [12] . The simplest is the 1D elastic chain, shown in Fig. (1b) , inspired by the Su-Schrieffer-Heeger (SSH) model for polyacetylene [13] , a linear polymer chain with topologically protected electronic states at its free boundaries. In the mechanical chain, the electronic modes map onto zero-energy vibrational modes with nontrivial topological index, whose eigenvectors represented as green arrows in Fig. (1b) , are localized at one of the edges [11] . An intriguing question then arises: could these zero-energy edge modes propagate through the system in the form of finite deformations?
We address this question by building and analyzing a linkage of rigid bars as an extreme limit of the 1D lattice of springs. This linkage allows no stretching deformations, yet it still displays the distinctive zero-energy mode localized at the edges, see Fig. (1) and Movie S1. By nudging the rotors along the direction of the zero-energy mode (see Fig. (1b) and Movie S2), we provide a vivid demonstration of how the initially localized edge mode, can indeed propagate and be moved around the chain at an arbitrarily small energy cost. We then show analytically and numerically that the mechanism underlying the mechanical conduction is in fact an evolution of the edge mode into a nonlinear topological soliton, which is the only mode of propagation in the chain of linkages that costs zero potential energy. The soliton or domain wall interpolates between two distinct topological mechanical phases of the chain and derives its robustness from the presence of a band gap within linear elasticity and the boundary conditions imposed at the edges of the chain. Although the topological protection ensures the existence of a domain wall, the dynamical nature of the soliton falls into two distinct classes that can ultimately be traced to the geometry of the unit cell. The prototypes we built therefore provide simple examples of structures that we dub topological metamaterials whose excitations are topologically protected zero-energy solitons [9] .
Topological band theory of phonons
The application of topological band theory to mechanics is most easily demonstrated in the context of the 1D elastic chain [11] , see Fig.  (1b) . The model consists of a periodic arrangement of alternating massless rigid rotors of length r (black bars), constrained to rotate about fixed pivot points (black crosses), around an equilibrium anglē θ at odd numbered sites and π −θ at even numbered sites. Here, the blue dots denote point masses M , a is the lattice spacing and l = a 2 + 4r 2 cos 2θ is the equilibrium (unstretched) length of the Hookean spring (with spring constant ke) connecting the masses. Since the 1D mechanical system has Ns = N lattice points and N b = N − 1 bonds, there is (at least) one zero-energy vibrational mode as required by constraint counting, i.e., N0 = dNs − N b , where N0 is the number of zero modes and d is the number of spatial dimensions.
The rigidity matrix [1, 14] for the lattice in Fig. (1) 1 , denoted R, is obtained by linearizing the change in length of the spring that connects masses {n, n + 1} in terms of small angular displacements δθn,n+1 from the equilibrium valueθ, i.e., δln,n+1 = Rniδθi. The phonon modes are readily obtained from the Fourier-transformed rigidity matrix R(k) (considering the chain as a periodic arrangement of two-particle unit cells)
where q± = r cosθ(2r sinθ±a) √ a 2 +4r 2 cos 2θ
. In this notation, the (Fourier-
The eigenvalues of D are the squared vibrational frequencies (in units of ke/M ) of the normal modes of the lattice, given by ω(k) = |q+ ± q−e ika |, where the ± belongs to the acoustic (+) and optical branches (-) of the dispersion curve, respectively.
For small k (and q+ > 0, q− < 0), the vibrational spectrum of the acoustic branch is gapped, and ω
is the gap frequency and
is the squared speed of sound. Owing to the gap, no propagating modes (with real k) can be excited for ω < ω0. Nevertheless, there is a zero-energy mode, which corresponds to the specific value of k = √ −ω0/c for which ω = 0, i.e., the value of k for which there are no changes in the spring length δln,n+1 = 0 for all n. Since k is complex, the zero-energy mode is non-propagating and thus Im k yields an inverse penetration depth −1 that evaluates to
where the last relation is valid for smallθ. As shown in Fig. (1b) , the eigenvectors ei of the dynamical matrix (shown as green arrows) have appreciable magnitude only on the rightmost two particles illustrating the exponential localization of the zero-energy mode at the boundary.
Eq. (4) shows that forθ = {0, π}; diverges and the zero-energy end mode becomes an ordinary infinite-wavelength acoustic phonon -the chain is no longer gapped. Atθ = {π/2, 3π/2} the phonon spectrum collapses entirely to 0. This demonstrates the topological robustness of the zero-energy edge modes: unless the chain is prepared with the specific values ofθ = {0, π/2, . . . } for which the gap closes, their presence is insensitive to changes in material parameters.
Whether the zero-energy mode is localized at the right or left edge is determined by the topological polarization introduced in [11] ; here, simply the winding number of the complex phase of det R(k). As k goes from −π/(2a) to π/(2a), the path of det R(k) in the complex plane is a circle centered on the real axis at q 2 + with radius q 2 − , provided thatθ = 0 2 . Thus, the winding number n is 1 if |q+| < |q−| and zero if |q+| > |q−| indicating that the mode is localized respectively to the left ( > 0 in Eq. (4)) or right ( < 0) edge of the chain. The physical meaning of this classification is apparent when considering the symmetry classes of the uniform ground states: the black rotors in Fig. (1) can be either left-(n = 1) or right-leaning (n = 0).
Since the zero potential energy motion does not involve stretching or compression of the spring, it can be studied both in the hybrid spring-strut system introduced by Kane and Lubensky as well as in the chain of linkages shown in Fig. (1a) and (1c). In these prototypes, the plastic rotors rotate around bolts attached to a longer piece of plastic that serves as the rigid background, and are attached at their ends by other plastic pieces. Self-intersections are avoided by arranging alternating bars at different heights in the transverse direction.
Beyond phonons: solitons in systems of linkages
The linear elastic theory reviewed in the previous section predicts that there are no bulk low-energy phonons below the gap frequency and that the zero-energy mode is exponentially localized at the edge -i.e., the chain is a topological mechanical insulator (Movie S1). However, this conclusion is manifestly at odds with the simple experiments we performed using prototypes of the SSH chain with rigid constraints, as shown in Fig. (1) .
By tilting the chain, a soft mode initially localized at the edge of the chain propagates under the effect of gravity all the way to the opposite end, as shown vividly in Movie S2. This simple experiment demonstrates that the chain is in fact a mechanical conductor whose carriers are nonlinear solitary wave excitations not captured within linear elasticity. The nonlinear mechanism of conduction is the central result of our work and relies on a key difference between vibrational and electronic states: phonons are infinitesimal physical displacements that can be integrated to finite deformations of the underlying mechanical structure, whereas electronic states live in an abstract Hilbert space.
The SSH chain is a paradigmatic and analytically tractable representative from a broader class of floppy mechanical systems that share a common feature -the infinitesimal zero-energy motion described by the localized topological modes extends to a finite zeroenergy motion that propagates freely through the bulk. We expect similar behavior to occur in 2D and 3D structures involving linkages or other general mechanical structures that could be of considerable interest for robotic manipulations and design of meta-materials [15] .
What types of nonlinear waves does this type of system support? Are there different phases of motion? To answer these questions we performed Newtonian dynamics simulations of the chain for different values of the geometrical parameters {l, r, a} and the spring constant, ke. Newton's laws are numerically integrated with the initial condition set by the zero-energy mode: v 0 i = v0 ei, where v 0 i is the initial velocity of the ith particle, ei is the component corresponding to the i th particle in the zero-energy eigenvector of the dynamical matrix, and v0 is a factor determining the initial speed. As seen in Fig. (2) and Movie S3, since the zero-energy mode is initially localized at the edge, the above procedure amounts to imparting an initial kick to the first few particles. We discuss below how this initial impulse evolves and propagates through the chain as well as the rich phenomenology that emerges as we vary the geometrical parameters of the chain.
In Fig. (2a) , we show a chain with the rotors initially in the rightleaning mechanical state. As the rotors at the right end rotate following the zero-energy eigenmode (marked with small green arrows) their angles soon reach −θ and they enter the left-leaning state and halt. However, rotors further to the left now begin to rotate, generating a moving, localized region of motion. At the far left of the chain, the rotors remain in the right-leaning state until that region reaches them. The dynamics thus generate a domain wall interpolating between the right-and left-leaning states. Fig. (2b) shows a snapshot of the chain where the domain wall is halfway to the left end. Since the passage of the domain wall flips the direction of the rotors from θ =θ to θ = −θ (measured with respect to the positive y-axis on the odd-numbered sites) we label this the flipper phase of motion. Once the domain wall has reflected off the left edge of the chain, the edge rotor now points down (Fig. (2c) ). Only when the domain wall has traversed the chain back and forth twice does the entire chain return to its initial right-leaning state. Upon varying the geometrical parameters of the chain, in particular, after increasing the ratio r/a, we find that the rotors in the flipper can also overshoot their equilibrium positions and the profile exhibits oscillations, though the final effect of the soliton is still to flip the rotors between the two states. We call this variant the wobbling flipper (Movie S4).
After further increasing r/a, a strikingly different behaviour emerges (Fig. (3) and Movie S5). Although a domain wall interpolating between the right-and left-leaning mechanical states is still observed (Fig. (3b) ), the rotors now rotate counterclockwise by an angle of π each time a domain wall passes by. We refer to this as the spinner phase of motion. As the domain wall reflects off the ends of the chain, the edge rotors rotate by 2π and complete a full circle. In contrast to the flipper phase, the initial state of the chain is restored after the domain wall has completed one cycle around the chain.
Phase diagram of nonlinear excitations
In order to understand the transitions and differences between these phases of motion, we can treat the chain as a 1D metamaterial and explain the nonlinear dynamics in terms of the geometry of the unit cell, parametrized by the dimensionless number d = 2r sinθ a
. Consider the zero-energy configuration space of the four-bar linkage which is the unit cell of the chain. This space is defined by the zero-stretching constraint δln,n+1 = 0 (for the spring connecting rotors n and n + 1) and hence we replace the spring by a strut in what follows. In Fig.  (4b) , we show snapshots of the unit cell parametrized by the angles (θ1, θ2), while in Fig. (4c) , we show the corresponding configuration spaces for flippers (left), wobblers (middle) and spinners (right) respectively (Movies S6, S7, and S8 show full cycles of motion for the unit cells in all three cases, alongside animations of the unit cell configuration spaces). The red (right-leaning) and green (left-leaning) dots in Fig. (4b-c) represent four special configurations for which θ = ±θ, π ±θ and correspond to the four spatially periodic ground states that are related to each other by reflection symmetries.
In going from left to right in Fig. (4c) (increasing d), the configuration space evolves from one connected circle bounding a disk on a torus (parametrized by the coordinates (θ1, θ2)) to two diagonal circles "linked" on that torus. This happens precisely whenl decreases below 2r − a, equivalently d > 2/ sinθ ≡ dc, thus marking the transition from the flipper to the spinner phase. In Fig. (4d) , we show sketches of the phase portrait on a 3D torus to emphasize this doublyperiodic configuration space. Thus, the boundary that separates the flipper phase from the spinner phase is in fact a topological change in the configuration space of the four-bar linkage [16] .
To understand this change, observe that when r a we can smoothly access all the possible configurations of a linkage of four bars (Fig. (4b) left panel) . However, as r/a increases, the four-bar linkage approaches a triangle that is pinned at one vertex. Since it is impossible to transform a triangle to its mirror image via translations and rotations in the plane, the set of configurations becomes disconnected (Fig. (4b) right panel) . Thus, for d > dc (spinners) the unit cell configuration space consists of two components, each containing a single pair of ground states ±θ and ±θ + π. A period of the motion of the four-bar linkage reveals how the soliton propagates through the chain -all rotors rotate in the same direction, fromθ toθ + π, say. By contrast, for d < dc (flippers), a full cycle of the unit cell visits all four ground state configurations. The transition between flipper and spinner states appears to be discontinuous, as we show when we discuss the continuum description of the solutions.
To understand the transition between the non-wobbling flipper and the wobbling flipper phases, notice that as a flipper soliton passes through, the rotors must eventually rotate fromθ to −θ passing through θ = 0. Suppose the first and second masses at the edge initially both rotate counterclockwise. By virtue of the flipper motion, the second mass must eventually rotate clockwise, thus it will appear to wobble. This is visible in Fig. (4c) as the change in sign of the slope dθ2/dθ1 at all the red and green points, and the threshold for this can be derived from the point at which the penetration depth in Eq. (4) vanishes: 2r sinθ = a or d = 1.
The existence of these rich phases of motion illustrate the fact that the uniform ground states and localized zero-energy edge mode are best viewed as snapshots of a periodic nonlinear motion and its velocity field.
Continuum theory: flipper solitons
In this section and the next we discuss how the flipper and spinner motions discussed qualitatively in the previous section emerge as topological soliton solutions to the very equation that within the linear approximation predicts a localized edge mode: the constraint equation δln,n+1 = 0. These solitons are described by solutions to the φ 4 and sine-Gordon equations, but have the key additional feature that they cost precisely zero potential energy.
We begin by deriving the equation of motion of the flipper solitons in the limit d
1. In terms of the angles of the rotors in a unit cell θn and π − θn+1 (measured clockwise with respect to the +y−axis), the constraint equation l 2 n,n+1 =l 2 reads,
To take the continuum limit of Eq. (5), we define a slowly-varying angular field θ(x) by letting a → dx, θn
(using a Taylor series expansion centered at x = n + 1/2). We obtain
Note that this choice preserves the underlying reflection symmetry (x, θ) → (−x, −θ). In terms of the field u(x) = r sin θ(x) (the x-component of the position of the mass), Eq. (6) reads,
whereū ≡ |r sinθ| > 0. Besides the uniform left-and right-leaning solutions u(x) = ±ū, Eq. (7) admits only one zero-energy solution (for u <ū) given by the kink u(x) =ū tanh x − x0 w0 , [ 8 ] where w0 =
is the width of the static domain wall that interpolates between left-leaning (u < 0 as x → −∞) and rightleaning (u > 0 as x → +∞) states. Note that w0 is proportional to the penetration length derived in Eq. (4) for smallθ and diverges when the gap closes. This is analogous to the divergence of domain wall widths at the critical point in the Landau theory of second order phase transitions.
In the SI Appendix, we derive the continuum Lagrangian for the chain in the flipper phase in the limit l(x) ≈l andθ 1, which reads:
In addition to the ordinary φ 4 potential, L has an additional boundary term linear in ∂xu. This extra term ensures that the static kink has zero energy since the last three terms in Eq. (9) can be written as a perfect square that vanishes for the static kink solution in Eq. (7) [17, 18] . It also breaks the ∂xu → −∂xu symmetry of the ordinary φ 4 theory. As a result, the anti-kink solution of Eq. (9) (with leftand right-leaning states reversed in space) costs a finite stretching energy. Hence, the anti-kink is forbidden in the linkage limit, where ke → ∞ and only solutions of Eq. (7) are admitted. We can define the topological charge Q as the difference in the number of kinks and anti-kinks:
[ 10 ]
For a system with periodic boundary conditions, Q = 0, and no solitons exist. For a system that has a left-and right-leaning edge, Q = 1, and the linkage must support one and only one kink that is therefore topologically protected. The topological index is thus a measure of the number of solitons in the system, and is consistent with the number of zero modes from constraint counting. Since the φ 4 theory is Lorentz invariant, the dynamical solution is simply obtained by a Lorentz boost u(x, t) =ū tanh
where v is the speed at which the kink propagates (set by the initial kinetic energy in the system) and c is the linear speed of sound. From Eq. (3), the speed of linear sound (defined from the linear part of the dispersion curves above the gap) for r a is c ≈ a For linkages c diverges, hence w = w0. To test our continuum approximation for the domain wall in the discrete mechanical chain, we numerically obtain the displacement field u(x, t) of the rotors for a range of initial energies imparted to the chain. In Fig. (5) , we show that the displacements (dotted curves) in the flipper phase compare favourably with the continuum φ 4 predictions in Eq. (11) (solid lines). The predicted Lorentz contraction is evident in the profiles in Fig. (5) as a decrease in the width of the profiles when the speed of propagation v is increased (see bottom inset). Note the presence of a large wake behind the moving domain wall, exhibited in the profile with the highest energy (gold symbols). We leave a more detailed analysis of the wake and higher-order nonlinearities for future work.
The wobbling flipper phase is more challenging to treat analytically. As shown in the top inset of Fig. (5) , the profile exhibits oscillations around the values ±θ. Numerically, the slope at the kink center seems to follow the prediction coming from the inverse width of the continuum flipper solution (blue curve). However, the oscillations in the profile decay exponentially with a decay length of approximately r sinθ (red dashed envelope). As we shall see in the next section, this length scale is associated with the width of the spinner. In the SI Appendix, we derive a linearized approximation for the wobbling flipper which recovers the oscillations qualitatively and recovers precisely this decay length (Figs. S1-S2), shedding light on how the transition between flipper and spinner phases occurs.
Continuum theory: spinner solitons
The solution presented for the flipper phase assumes that u never exceedsū, a condition that is certainly violated by the spinner solitons in which the rotors rotate by π. Moreover, in the spinner phase where r a, pairs of neighbouring rotors in a unit cell seem to move nearly in phase like adjacent sides of a rigid triangle (Movie S5). In order to describe the motion in this phase, we thus construct a description for the dynamics of spinner solitons by integrating out the motion of every other rotor (say, the even sites).
Let ln,n+1 be the length of the springs between nodes {n, n+1}. Then, the constraint equation l 2 n,n+1 −l 2 0 = l 2 n+1,n+2 −l 2 can again be expressed in terms of the geometrical parameters r, a and the angles {θn, θn+1, θn+2} as before. We next "integrate out" θn+1, by using the constraint equation l 2 n,n+1 =l 2 . Expressing this second constraint equation in terms of the angles {θ, θn, θn+1}, we find (in the limit a r) that θn+1 ≈ θn + π − 2θ 3 . Taking the continuum limit, θn → θ(x) and θn+2 → θ(x + 2a) = θ + 2aθ (where f ≡ df /dx), and retaining terms to leading order in a, we obtain the following differential equation for the static 5)) is compared with the Lorentz contraction factor.
profile valid in the spinner phase
that can be easily integrated with the result
Thus, the static spinner profile at alternate sites is described by a sine-Gordon soliton of the form in Eq. (13) whose width is w0 = r sinθ = ad/2. This is in contrast with the flipper phase of motion where the width of the soliton scales inversely with d (Eq. (8)). Indeed, the basic continuum field in the spinner phase lives on only half the rotors, as compared to the flipper phase where the field lives on all the rotors. Thus at a very basic level, the transition between flippers and spinners cannot be described as a smooth transition between two profile shapes. The dynamical solution is again obtained by a Lorentz boost
where ± correspond to the solutions for even (odd) sites respectively and from Eq. (3), the speed of sound in the spinner phase (r a)
. In the SI Appendix, we re-derive the sineGordon solution starting from the discrete Lagrangian for our mechanical chain, valid in the spinner phase. In Fig. (6) we compare the continuum sine-Gordon predictions (solid line) to numerical solutions (symbols), and find good agreement in the dynamical width as well (bottom inset).
In order to build a spinner prototype, the 3D embedding must avoid the many self-intersections visible in Fig. (3) . A model made from LEGO pieces is shown in Fig. (7) and Movie S9. The crucial point is that the rotors are staggered in the transverse direction, causing the transverse width to be proportional to the number of rotors, see the z−axis in Fig. (7) .
To sum up, the zero-energy moving domain walls in simple model chains are basic examples of a generic physical process that we expect to exist in more complex man-made and natural structures relevant to robotics and mechanical metamaterials. The protected excitations of topological mechanical metamaterials, that appear as zero-energy vibrational modes within the linear approximation may integrate to finite deformations capable of transporting a mechanical state across the system. Our work raises the question of whether the principle of topological robustness can be adopted in the design of robotic manipulators composed of activated linkages as well as in the fabrication of complex molecular nanostructures. 
Supporting information: Appendix
Soliton in the flipper phase In this section, we derive the continuum φ 4 -theory that describes the domain wall (soliton) solution in the flipper phase of motion. The discrete Lagrangian for the one-dimensional mechanical analog of the SSH chain is:
where, I = M r 2 is the moment of inertia of the rod-mass system, θn is the angular position of the nth rod measured with respect to the positive direction of the y-axis, ke is the bare spring constant between neighbouring rods with rest lengthl and ln,n+1 is the instantaneous length of the spring connecting rods n and n + 1.
We make the working assumption that throughout the course of the motion, the lengths of the springs do not change appreciably from their rest length, that is, we will consider the springs to be almost rigid. Thus, a more tractable continuum limit follows by expressing the potential energy in Eq. (S1) as
where in the last step we have assumed that (ln,n+1 +l) 2 ≈ 4l 2 and so the potential energy is approximately unchanged if we define a new spring constant κ = ke 4l 2 . Next, by expressing ln,n+1 in terms of the angles θn, θn+1 and the geometrical parameters r, a, we find the potential part of the Lagrangian to be
Next, we take the continuum limit, assuming a → dx, θn
(taking a Taylor series centered at x = n + 1/2), to obtain the potential energy density as a perfect square
where we denote the projection of the rods along thex−axis by u(x) = r sin θ(x) and define the constantsū = r sinθ and K = 16κ = 4kē l 2 . Thus, in the continuum limit and expressed in terms of the field u(x, t), Eq. (S1) assumes the form:
Eq. (S6) differs from the ordinary φ 4 theory due to the presence of the last term (linear in ∂u ∂x ) and because of the non-linear kinetic term. As explained in the main text, the last term is related to the topological charge of the soliton that ensures that the static kink costs zero potential energy and does not contribute to the equation of motion. Moreover, by expanding the nonlinear kinetic term to order u 2 /r 2 (valid in the limit of smallθ), we obtain from Eq. (S6) the ordinary φ 4 theory, whose soliton solution is u =ū tanh
where v is the speed at which the kink propagates and the effective "speed of light" is c = a
. This coincides with Eq. (11) in the main text.
Soliton in the spinner phase
As discussed in the main text, in order to obtain the soliton solution in the spinner phase, we define the continuum field as the slowly varying angular field of odd or even sites. In the following, we discuss an approximate method for describing odd (even) fields, whose soliton solutions can be described by the sine-Gordon theory. Consider Eq. (S1) (writing three terms), assuming n is an odd site for instance and with the working assumption that (ln,n+1 +l) 2 ≈ 4l 2 :
where dots denote derivative with respect to time. In order to combine odd (even) sites, consider combining half of the potential energies at a time, so that both odd and even sites get their share from the same Lagrangian. To do this, we express the potential energy as sum of terms of the following form:
For instance, the first square bracket can now be used to integrate out an even site and the second one to integrate out an odd site. Consider the first square bracket re-expressed as
Assuming that the average of l
2 , the first term in the above equation can be approximated to 0. We are thus left with
[ S11 ]
After substituting the lengths by angles and r, a, we obtain
[ S12 ]
As discussed in the main text, we take the continuum limit by defining the field θn → θ(x) and θn+2 → θ(x + 2a) = θ + 2a dθ dx , and then retaining terms to leading order in a. We "integrate out" θn+1 (the degree of freedom representing the middle rod) by using the constraint equation l 2 n,n+1 =l 2 . Expressing this second constraint equation in terms of the angles {θ, θn, θn+1}, we find (in the limit a r) that θn+1 ≈ θn + π − 2θ. We thus obtain the following potential energy contribution from the odd sites:
[ S13 ]
We therefore identify an effective spring constant K Therefore, the moment of intertia is I = M r 2 . With this procedure, we have therefore expressed the Lagrangian as a sine-Gordon Lagrangian for the odd (even) sites, whose continuum limit for the odd (o) sites reads:
while for the even (e) sites, we find
where primes denote derivative with respect to space x. Upon using the Euler-Lagrange equations, we obtain the respective soliton solutions:
where, ± correspond to soliton solutions for the even (odd) sites respectively (which are of course constrained so that θe = θo + π − 2θ) and where c, the speed of sound in the spinner phase r a is
[ S17 ]
The sine-Gordon soliton solution in the spinner phase suggests an analogy with the well known mechanical model consisting of a chain of pendula coupled via torsional springs [1] . However, a side view of the model spinner chain in Fig. (7b) suggests several important differences between the two models. First, unlike for the chain of coupled pendula, the springs connecting neighbouring rods in our model have non-zero equilibrium projection in the plane of rotation of the rods and thus, the even-and odd-numbered sites have different equilibrium positions. Second, the rotors do not all rotate about the same axis, but adjacent axes are displaced by the lattice spacing a in the x−direction, see Fig. (7) in the main text. This breaks the global rotational symmetry of the chain. Moreover, as for the flipper phase, the sine-Gordon soliton has a non-zero topological charge originating from the term linear in θ . This charge ensures that the static kink has zero energy, while in the dynamical case, it lowers the total energy of the soliton by a constant factor. We show the main phenomena as we increase d in the wobbling flipper phase in Figs. (S1) and (S2). The static profile of the wobbling flipper is distinguished from that of the non-wobbling flipper by oscillations in u around the valueū. For small d − 1, the profile is indistinguishable by eye from the hyperbolic tangent profile of the nonwobbling flipper, as the amplitude of the oscillations is small, though subtracting off that profile as a background makes the deviation visible. As d increases, the amplitude increases; we found that the dependence of the maximum deviation above the equilibrium value u =ū was proportional to d 3 . Furthermore, the wavelength of the oscillations seems to stabilize at 2a. The function e −x/ws cos(πx/a) was found to fit the oscillations for large enough x/a and d.
Linearized perturbation theory for the wobbling flipper
In the following, we approximate the oscillations observed in the wobbling phase (see the top inset of Fig. (5) top inset in the main text) as small perturbations around the uniform ground state θ = ±θ that the kink profiles approach asymptotically. Since the width of the flipper kink decreases inversely as w ∼ d −1 , the asymptotic values are reached within a few lattice spacings for larger values of d.
We begin with Eq. (5) in the main text, the equation constraining two adjacent rotor angles θn, θn+1.
cos(θn + θn+1) − cos(2θ) + a r (sin θn − sin θn+1) = 0.
[ S18 ]
However, now we keep a few more terms in the continuum limit, again by taking a Taylor series around x = n + 1/2: θn → θ(n − 1/2) ≈ θ(x) − [ S19 ]
Observe that this continuum limit respects the reflection symmetry (x, θ) → (−x, −θ).
It is convenient to define θ * = θ + Note that cos(2x) − cos(2y) = (sin x + sin y)(sin y − sin x). We use this fact and then (after multiplying through by r 2 ) use the approximation sinθ + sin θ * ≈ 2 sinθ as we'd like to consider the behavior when θ ≈θ 2r 2 (2 sinθ)(sin θ * − sinθ) + a 2 r d(sin θ) dx = 0.
[ S20 ]
We assume that = [ S21 ]
As usual, let u = r sin θ andū = r sinθ. A consequence of our assumptions is that [ S23 ]
In the last line, we introduce δu ≡ u −ū. The solutions to Eq. (S23) are linear combinations of complex exponentials. In particular,
where
[ S25 ] (S2) ) and imaginary parts approaching ± √ 8i/a ≈ 2.8ia (compared to the wavenumber of πi/a ≈ 3.1i/a that we observe). Thus for sufficiently large d, this linearized perturbation theory captures the fact that the decay length of the oscillations is equal toū = r sinθ, the width of the spinner soliton, and the wavenumber is on the order of the lattice spacing. In the opposite limit (d < 1/ √ 2), both roots are real negative and thus the solution is simply an exponential decay, agreeing qualitatively with the shape of the tail of the hyperbolic tangent kink solution in the non-wobbling flipper phase.
We conjecture that with a more sophisticated expansion (e.g. with higher order terms or some treatment of the nonlinear effects), the value ofū/a and d at which we begin to see oscillations (and hence which represents the transition between non-wobbling and wobling flippers) should approach 1, and the imaginary part should approach πi/a. 
